COMPACT CONFORMALLY KAHLER 
EINSTEIN- WEYL MANIFOLDS 



Wlodzimierz Jelonek 

Abstract. We give a description of compact conformally Kahler Einstein- Weyl 
manifolds whose Ricci tensor is Hermitian. 



0. Introduction. In this paper we shall investigate compact Einstein- Weyl 
structures (M, [g], D) on a complex manifold (M, J), dimM > 4, which are confor- 
mally Kahler and whose Ricci tensor p D is Hermitian i.e. p D is J -invariant. 

We give a complete classification of compact Einstein- Weyl structures (M, [g], D) 
with dim M > 4 such that (M, [g], J) is conformally Kahler, i.e. there exists a 
metric g £ [g] such that (M,g ,J) is Kahler and whose Ricci tensor p D is J- 
invariant i.e. 

p D (JX, JY)=p D (X,Y). 

Conformally Kahler Einstein manifolds were classified by A. Derdzinski and G. 
Maschler in [D-M-3] . The compact Einstein- Weyl 3-dimensional manifolds are stud- 
ied in [T] . The compact Einstein- Weyl manifolds on complex manifolds compatible 
with complex structure are studied in [PS1], [PS2], [MPPS], [WW]. In [D-T] there 
are studied conditions on a Riemannian metric (M, g) in four dimensions for it to be 
locally conformal to Kahler. The Einstein- Weyl structures which are conformally 
Kahler studied in [MPPS], [WW] have the Ricci tensor p D of the Weyl structure 
(M, [g],D) which J -invariant. 

1. Einstein- Weyl geometry and Killing tensors. We start with some basic 
facts concerning Einstein- Weyl geometry. For more details see [T], [PS1], [PS2]. 

Let M be a n-dimcnsional manifold with a conformal structure [g] and a torsion- 
free affine connection D. This defines an Einstein- Weyl (E-W) structure if D pre- 
serves the conformal structure i.e. there exists a 1-form wonM such that 

(1.1) Dg = u®g 

and the Ricci tensor p D of D satisfies the condition 

p D (X, Y) + p D (Y, X) = Ag(X, Y) for every X, Y £ TM 

for some function A 6 C°°(M). P.Gauduchon proved ([G]) the fundamental theo- 
rem that if M is compact then there exists a Riemannian metric go £ [g] for which 
Sujq = and go is unique up to homothety. K.P. Tod proved [T] that the Gaudu- 
chon metric admits a Killing vector field dual to the form uj. We shall call go a 
standard metric of E-W structure (M, [g] , D) . Let p be a Ricci tensor of (M, g) and 
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let us denote by S the Ricci endomorphism of (M, g), i.e. p(X, Y) = g(X, SY). We 
recall two important theorems (see [T], [PS1]): 

Theorem 1.1. A metric g and a 1-form u define an E-W structure if and only 
if there exists a function A G C°°(M) such that 

(1.2) p v + ±Dcj = Ag 

where Vuj = (\7 x uj)Y + (\7 y uj)X + lu(X)u(Y). If (1.2) holds then 

(1.3) A = 2A + divoj-^(n-2) \\ J f 

By p we shall denote the Ricci tensor of (M, g) and by r = tr g p the scalar 
curvature of (M, g) . 

Definition. A Riemannian manifold (M, g) will be called a Gray „4C^ manifold 
if the tensor p — -^^g is a Killing tensor. 

In this paper Gray AC^ manifolds will be called for short Gray manifolds or 
AC 1 ' manifolds. 

Theorem 1.2. Let M be a compact E-W manifold and let g be the standard 
metric with the corresponding 1-form oj. Then is a Killing vector field on M. 

From the above theorems it follows (see [J] ) 

Theorem 1.3. Let (M, [g]) be a compact E-W manifold, dimM > 3, and let g 
be the standard metric on M. Then (M,g) is an A® C 1 - -manifold. The manifold 
(M, g) is Einstein or the Ricci tensor p v of (M, g) has exactly two eigenf unctions 
A G C°°{M),\\ = A satisfying the following conditions: 

(a) (n — 4)Ai + 2Ao — Co — const 

(b) A < Ai on M 

(c) dimker(S — Xold) — 1, dimker{S—\\Id) = n—1 onU = {x : A (x) ^ Ai(a;)}. 

In the addition A = ^Scal® where Seal® = tr g p D denotes the conformal scalar 
curvature of (M, g, D). 

Note that lo(X) = g(^X) where £ G iso(M) and the formula 

(1.4) p v + |(n- 2)u®u = Ag 

holds. Thus Vx(w®w)(I,I) = 0. From (1.4) it follows that 

(1.5) W x p(X,X)=XAg(X,X). 

It means that (M,g) G A ® C x and d(A — -^.f) = 0, where r is the scalar 
curvature of (M, g). From (1.5) it follows that the tensor T = S — Aid is a Killing 
tensor. Let us denote by £ the Killing vector field dual to oj. Note that p(£,£) = 
(A - \{n - 2) || f || 2 ) || £ || 2 and if X _L f then SX = AX. Hence the tensor S has 
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two eigenfunctions A = A — j(n — 2) || £ || 2 and Ai = A. This proves (b). Note 
that 

T = A + (n-l)A 1 =nA-i(n-2) |K| 2 . 

and 2t - (n + 2)A = C = const. Thus C = (n - 2)A - \{n - 2) || £ || 2 . However 
(n - 4)Ai + 2A = (n - 2) A - |(n - 2) || £ || 2 which proves (a). Note also that 

(3-6) I^ = A -^||e|| 2 =A 

n 4 

which finishes the proof. <D 

On the other hand the following theorem holds (see [J]). 

Theorem 1.4. Let (M,g) be a compact A © C 1 - manifold. Let us assume 
that the Ricci tensor p of (M,g) has exactly two eigenfunctions A , Ai satisfying the 
conditions: 

(a) (n — 4)Ai + 2Ao = Co = const 

(b) A < Ai on M 

(c) dimker(S—XoLd) — 1, dimker(S — X\l d) = n—l onU = {x : Xq(x) ^ Xi(x)}. 
Then there exists a two-fold Riemannian covering (M' , g') of(M, g) and a Killing 

vector field £ G iso(M') such that (M r , [g']) admits two different E-W structures with 
the standard metric g' and the corresponding 1-forms uj t = The condition (b) 

may be replaced by the condition 

(bl) there exists a point x <G M such that Ao(a;o) < Ai(a;o). 

Let us denote by r the scalar curvature of (M, g). Then r = (n — l)Ai + A and 
C = (n - 4)Ai + 2A . It follows that 

(1.7) A 1 = ^, Ao= (n-l)Co-(n-4)r 

v 7 n+2 ' n+2 

In particular Ao,Ai e C°°(M). Let 5 be the Ricci endomorphism of (M,g) and 
let us define the tensor T := S — \\Id. Since from (1.7) we have d\\ — -p^dr it 
follows that T is a Killing tensor with two eigenfunctions: /i = and A = Ao — Ai. 
Hence there exists a two fold Riemannian covering p : (M',g') — > (M,g) and a 
Killing vector field £ e iso(M') such that S"£ = (Ao op)( where 5" is the Ricci 
endomorphism of (M',g'). Note also that || £ || 2 = |A — (i\ = |A — Ai|. Let us define 

the 1-form ui on M' by ui = c£} where c = ^z^- R is eas y to check that with 
such a choice of lj equation (1.4) is satisfied and 5oj = 0. Thus (M',g',w) defines an 
E-W structure and g 1 is the standard metric for (M', [g'}). Note that (M,g', —lu) 
gives another E-W structure corresponding to the field — £. <J> 

Corollary 1.5. Let (M,g) be a compact simply connected manifold satisfying 
the assumptions of Th.3.4. Then (M, [5]) admits two E-W structures with the 
standard metric g. 

2. Killing tensors. In this section we describe the Riemannian manifold 
(M,g) where g E [g]) is the standard metric of Einstein- Weyl structure (M, \g],D). 
We describe such manifolds under an additional condition, that the distribution 
corresponding to the eigenvalue Ai of the Ricci tensor is totally geodesic. 
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We say, that a distribution (not necessarily integrable) V is totally geodesic, if 
V x l£ T(D) for every X e T(D). 
We start with: 

Lemma 2.1. Le£ S be a self-adjoint tensor on (M, (/) with exactly two eigenvalues 
X,p. If the distributions V\,V^ are both umbilical, VA £ r(£> /i ),V/z S r(D^) 
and i/ie mean curvatures £a>£^ of the distributions D\,D^ respectively satisfy the 
equations 

i/ien S is a Killing tensor. 

Proposition 2.2. Let (M,g) be a In- dimensional Riemannian manifold whose 
Ricci tensor p has two eigenvalues \q{x), \\{x) of multiplicity 1 and 2n—l respec- 
tively at every point x of M. Assume that the eigendistribution T>\ 1 corresponding 
to Ai is totally geodesic. Then (M,g) is a Gray manifold if and only i/2Ao + (n— 4)Ai 
is constant and Vt G r(2?A 1 ). 

Proof. Let S be the Ricci endomorphism of (M,g), i.e. p(X,Y) = g(S X,Y). 
Let S be the tensor defined by the formula 

(2.1) Sa = S+^-id. 

n + 1 

Then 

(2.2) trS 

^ 1 71+1 

Let Ao, Ai be the eigenfunctions of Sq and let us assume that 

(2.3) 2A + (2n - 4)Ai = C* 

where CeM. Note that S also has two eigenfunctions which we denote by X' Q , A' : 
respectively. It is easy to see that \' = —-^jt + C 2(n+i) ' ^'i = ~ 2(n+i) an< ^ ^° = 
~ T ^n+? ~*~ ^ 2(n+\) ' ^! = (n+i) ~ 2(n+i) ' Since the distribution Pa is umbilical we 
have VxAf|x> A = <?(Af, X)£ for any X € r(2?A ) where £ is the mean curvature nor- 
mal of £>a • Since the distribution T>\ 1 is totally geodesic we also have VxATj-p Ao = 
for any X e r(2?Ai)- Let {E\, E 2l E 3} E4, E 2n -i, E 2n } be a local orthonormal 
basis of TM such that V\ a = span {Ex} and = span {£2, E3, E4, E 2n }- 
Then V Ei E ilT , Xo = for i e {2,3,4, ...,2n} and 

V_E 1 ^i|I5 Al = £• 

Consequently (note that VAq^ = if and only if Vt|-p Aq = 0), 

n 

(2.4) tr g VS = Y, VS(E it E t ) = -(S - A id)(V Bl £?i) + VA p Ao 

i=l 

= -(A!-AoX 
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if we assume that Vt\d x = 0. On the other hand, tr g V5o = ¥f and tr s \7S = 
tr g V5o — -^-p£ ■ Consequently, 

(2-5) tr.VS=fe^ = -ivAi. 



Thus £ = ~ 2 (A -A 1 ) ^^o- F rom the Lemma it follows that (M,g) is an A ® C^- 
manifold if 2Ao + (n — 4)Ai is constant and Vr G P(2?Ai)- These conditions are 
also necessary since VX[ = if (M, 5) is an .4 © C^-manifold and £>Ai is totally 
geodesic. Analogously £ = - 2 (a'-a' ) ^o an d ^0 = ~ (n+i) ^ 7t e ^XX^J, where 
£ is the mean curvature normal of the umbilical distribution T>\ a , if (M,g) is an 
^©C^-manifold.^ 

3. Conformally Kahler Einstein- Weyl manifolds. Let g be the standard 
metric of (M, [g]). Now let us recall that p D (X, Y) = X g(X, Y) + %du(X, F). Let 
us assume that (M, J) is complex and [5] is Hermitian i.e. g(JX,JY) = g(X,Y). 
It follows that /r is J-invariant if and only if dco is a (1, 1) form, duj(JX, JY) = 
dui(X,Y). Since uj(X) = g(£,X) it follows that dco is a (1,1) form iff Vjx£ = 

Proposition 3.1. Let (M, J) be a compact complex manifold with conformal 
Hermitian structure [g]. Let us assume that [g] is conformally Kahler and f 2 g is 
a Kahler metric on (M, J) where g is the standard metric and f G C°°(M). If 
(M, [g]) is Einstein- Weyl with J-invariant Ricci tensor p D then J£ is colinear with 
V/ in U = {x : £ x 7^ 0} and £ is a holomorphic Killing field on (M, f 2 g, J). 

Proof. Let V be a Levi-Civita connection of the standard metric g and V 1 
be a Levi-Civita connection of the Kahler metric g\ = f 2 g. Note that £ is a 
conformal field on (M,g\), L^gi = L^(f 2 g) = 2£ln/<7i = ag\. Every conformal 
field on a compact Kahler manifold is Killing (see [L]), hence consequently £/ = 
and £ G \so(M, g{). On a Kahler compact manifold every Killing vector field is 
holomorphic (see[Mor ]). Thus £ G f)ot(M, J). Note that 



Thus 



Vx£ - - dlnf(X)Z - din f (OX + gi(X,Z)V 1 In/. 



VjxC - JV X £ = -dln/(JX)£ - din f(£) JX + g^JX,^ 1 In/ 
+rfln/(X)J£ + rfln/(£)JX - JV 1 In/. 



Hence V JX £ = J^xS, if 



-d In /( JX)£ + 5l ( JX, V 1 In / + d In f(X)J£ - gi {X, £) JV 1 In / = 0. 

Put X = £ then we get 5i(£, £) JV 1 In / = -dln/(J£)£. It follows that in U = 
{x G M : £ x ^ 0} there exists a smooth function <j> such that V 1 / = </></£. C> 

Now our aim is to prove 

Theorem 3.2 Let us assume that (M,[g],J) is a compact, conformally Kahler 
Einstein- Weyl manifold with Hermitian Ricci tensor p D which is not conformally 
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Einstein. Then the conformally equivalent Kahler manifold (M, g\ , J) admits a 
holomorphic Killing field with a Kdhler-Ricci potential. Thus M = P(L ® O) where 
L is a holomorphic line bundle over a compact Kahler Einstein manifold (N, h) of 
positive scalar curvature or is a complex projective space CP™ . 

Proof. Let p, p 1 be the Ricci tensors of conformally related riemannian metrics 
= fg- Then 

P = p 1 + (n- 2).r 1 V 1 # + [f-'A'f - (n - l)/" 2 ^ 1 /, V7)]Si- 
Note that V 1 df(X,Y)=g 1 (V 1 x V 1 f,Y)=g 1 (X<pJZ,Y) + cj>g 1 (JV 1 x Z,Y). Thus 

(3.1) p(X, Y)-(n- 2)fX<t>g{Jti, Y) = p\X, Y) + (n - 2)f- 1 <t>g 1 (JV x !;, Y)+ 

[/-^/-(n-irVlVV.VVto^y)- 

whcrc A 1 / = trg^df. 

We shall show that £ has zeros on M. If £ ^ on M then the function <j> would 
be defined and smooth on the whole of M. Since M is compact it would imply 
that there exists a point xq G M such that d(f> = at Xo. On the other hand the 
eigenvalues Ao, Ai of the Ricci tensor p satisfy Ao — Ai = Cg{^, £) where C ^ is a 
real number. Since £ ^ it follows that the eigenvalues of p do not coincide at any 
point of M . In particular p is not J-invariant at xq, a contradiction, since the right 
hand part of (3.1) is J-invariant. It implies that £ is a holomorphic Killing vector 
field with zeros and thus has a potential r (see [K]), i.e. there exists r G C°°(M) 
such that £ = JV 1 r. Hence d/ = — 0c?t and dcfrAdr = 0. It implies that dej) = adr. 
Thus we have 

(3.2) 

p(X, Y) + (n — 2)f- 1 adr(X)dT(Y) = p\X, Y) - (n - 2)f- 1 cj>H T (X, Y) — 
\f- x aQ + /- VAV + (n - l)f- 2 4?Q] gi {X, Y). 

where Q = ffi (£,£)• 

Note that the tensor p(X, Y) = p(X, Y) + (n-2)/-WTpf)dr(y) is J-invariant. 
In particular p(£, £) = A 5(£, £) = A Q -^. On the other hand p(V 1 T, VV) = Ai|£ + 
(n-2)f- 1 aQ 2 . Hence (A - Ai)-^ = (n - 2)f- 1 aQ 2 . Since A - Ai = -\{n - 2)-j| 
we get a = ~^p- Hence 

and we get 8<j>d<j> = —d(-p). Hence d(A<j) 2 + -p) = and Acj) 2 + -p = C = const. 

Let us denote x = (n - 2)f- 1 <t > ,a = f^aQ + /"^AV + (n - l)f- 2 <p 2 Q. 
Note also that the vector field v — V 1 t is holomorphic and consequently i v p Y — 
— idA 1 r = —\dY where Y = A 1 r. From the equation 



(3.4) 



p(X, Y) = p\X, Y)-{n- 2)f- 1 4>H T {X, Y)— 
[f- x aQ + f- VAV + (n - l).rVQ] 5l (X, Y). 
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wc get 
and 



(3.5) dY = X dQ - 2crdT 
where a = a + j%. From (3.5) we obtain 

(3.6) d X AdQ- 2da A dr = 

Since d\ — "fdr we have dr A {jdQ + Ida) = which implies jdQ + 2da = ndr for 
a certain function n. 
Note that 

da = r X adQ + f'^dY + (n - l)/" 2 2 dQ + hdr = 
1 4/4 



, {n-l)f- 2 (j) 2 ]dQ + f- X (j)dY + hdr. 



On the other hand A = + Hence d(^) = -^j^-dQ + kdr and 



<^ = [~ + (n- l)rV - ij ^}dQ + r^dY + Idr. 



Since d X = (n-2)d(f- 1 <j>) = -^(1 - H 2 p)dr we have 7 = -^(1 -40 2 / 2 ) 
and 



(3.7) [-^ + ^#^Q + 2/"^ = mdr. 

From equations (3.5) and (3.7) it follows that 

(3.8) dQ A dr = dY A dr = 

on a dense subset of M and hence everywhere. 

Define V = span{^, J£} and let V 1 - be an orthogonal (with respect to g so also 
with respect to g\) g\) complement to T>. Both distribution are defined in an open 
dense subset U = {x : £ x ^ 0}. Let ttx>,ttx)^ be orthogonal projections on X>, D 
respectively. Let us define u>-p(X,Y) = g\{J'Kx>X,Y),uj T ,±(X,Y) = gi(Jir- D ±X,Y). 
Then wp + lo v ± = fl where Q(X, Y) = g\(JX, Y) is the Kahler form of (M, gi,J). 
Note that up = ^dr A d c r. Since £ is a holomorphic Killing field on (M,g\, J) it 
follows that H T (JX,Y) = ±dd c r(X,Y). Since V> = -^Q = cv it follows that 
I? is an eigendistribution of both p 1 and dd c r. We have (we denote the Ricci form 
also by p 1 ) 

(3.9a) p 1 = Xuj-p + u>\ 

(3.9b) = t JLUJ ' D CJ2 ' 
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where X, p arc eigenvalues of p 1 ,H T corresponding to an eigendistribution V. The 
eigenvalue p satisfies an equation pQ = H t (\7 1 t, V 1 r) = — id(5(V 1 r) = —\{3Q 
where dQ — j3dr. Hence p = —^f3 and dpAdr = 0. From (3.4) it is clear that also 
dX A dr = 0. Now we have 

(3.10) p = p 1 - \xdd c r - <7 O, 
and consequently 

(3.11) J^ L °' D = ^ jJv ~ x ^ Uv ~ a o^v 
and 

(3.12) -p U V^ = ^1 - X^ 2 - C7 Q U} V ±. 

From (3.11) we obtain A — px — °o + yf • Hence 

(3.13) wi - = (f o + y|)wx>-L = (A - + Al ^2^° = cr i w i>- L - 
From (3.9) we get 

AgLj-d = —du>i, jj,du)x> = —dui2- 
Equation (3.13) implies that 

duji — dx A UJ2 — xdu2 = dcri A uj- d ± + aiduj- D ± , 

thus 

(-A + MX + <y\)duT> = dx A uj 2 + day A uj- d ± - 

Note that dui-p = d(^dTAd c T) = -^drAdd c T = -^drA(pwv+0J2) = -^drAoj 2 
and Ai — Ao = \(n — 2) -p. Let us write da\ — ipdr, then we obtain 

(3. 14) dr A (^(-1 - 4/V)w 2 - ^,1) = 0. 

From (3.14) it is clear that in {/ we have W2 = «2k>D-L for a certain function 
«2 € C°°(U). Hence also uj\ = kiuj v ± for a certain function K\ £ C°°(U). It 
follows that the function r is a Kahler- Ricci potential in the sense of [D-M-l], [D- 
M-2], i.e. the distributions V, V 1 - are eigendistribution of both p 1 and H T . The fact 
that the Einstein-Kahlcr manifold (N, h) has a positive scalar curvature is proved 
below. It is easy to check that also for dimM = 4 the manifold (N, h) has constant 
scalar curvature. The Einstein- Weyl structure on these manifolds is described in 
[W-W], [M-P-P-S]. 

4. Eigenvalues of the Ricci tensor. In our construction we shall follow L. 
Berard Bergery (see [Ber]). Let (N,h,J) be a compact Kahler Einstein manifold, 
which is not Ricci flat and dim N — 2m, s>0,L>0,seQ,LeM, and g : [0, L] — > 
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R be a positive, smooth function on [0, L] which is even at and L, i.e. there exists 
an e > and even, smooth functions 51,52 : (— e, e) ^ R such that g(t) = gi(i) for 
t £ [0, e) and g(t) = g 2 (L - t) for t £ (L - e, L]. Let / : (0, L) — > R be positive on 
(0, L), /(0) = f(L) — and let / be odd at the points 0, L. Let P be a circle bundle 
over N classified by the integral cohomology class § ci(N) £ H 2 (N, R) if Ci(AT) / 0. 
Let q be the unique positive integer such that c\ (N) = qa where a £ H 2 (N, R) is 
an indivisible integral class. Such a q exists if N is simply connected or dim N = 2. 
Note that every Kahler Einstein manifold with positive scalar curvature is simply 
connected. Then 

s = — ;k£Z. 

q 

It is known that q = n if N = CP™ -1 (see [B], p.273). Note that a(N) = {^Pn} = 
{ar WAf } where pn = ^wjv is the Ricci form of (N,h,J), tn is the scalar cur- 
vature of (N,h) and ujn is the Kahler form of (N,h,J). We can assume that 
tn = ±4:m. In the case C\(N) = we shall assume that (N,h,J) is a Hodge 
manifold, i.e. the cohomology class {^Wjv} is an integral class. On the bundle 
p : P — > N there exists a connection form 9 such that d9 = sp*ix>M where p : P —> N 
is the bundle projection. Let us consider the manifold f7 s ,/,s = (0, L) x P with the 
metric 

(4.1) g = dt 2 + f(t) 2 6 2 + g(tfp*h. 

It is known that the metric (3.1) extends to a metric on the sphere bundle M — 
P x 51 CP 1 if and only if a function g is positive and smooth on [0,L], even at 
the points 0,L, the function / is positive on (0,L), smooth and odd at 0,L and 
additionally 

(4.2) /'(0) - 1, f(L) = -1 

Then the metric (4.1) is bi-Hcrmitian. We shall prove this in Section 4. Note that 
M = P(L © O) where L = P x 51 C with S 1 acting in a standard way on C and O 
is the trivial line bundle over N . 

The metric (4.1) extends to a metric on CP™ if and only if the function g is 
positive and smooth on [0,L), even at 0, odd at L, the function / is positive, 
smooth and odd at 0, L and additionally 

(4.3) /'(0) = l, /'(£) = -!, g{L) = 0, g'(L) = -l. 



Let us assume that (N,h) is a 2(n — l)-dimensional Kahlcr-Einstcin manifold 
of scalar curvature 4(n — l)e where e G { — 1,0,1}. Using the results in Sections 4 
and 5 we obtain the following formulae for the eigenvalues of the Ricci tensor p of 
( U sJ,g,9f,g)'- 

q" f" 

(4.2) \ = - 2 (n-l)!L-L-, 

A 1 = -^ + 2(n-l/ s2/2 f ' 9 ' 



f v y W fg 

x g"(s 2 f 2 /VV 26 3 S 2 ./ 2 (9 ,Ag') 2 
X2 = -J + {^-Jg-) + 7--^- {2n - 3) l 2 - 
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We shall show that in fact e = 1, i.e. the scalar curvature of the Einstein manifold 
(N, h, J) is positive. From [J] it follows that the scalar curvature of Einstein- Weyl 
manifold Ai is nonnegative. We also have A = A 2 and Ai +C 2 f 2 = Ao for a positive 
constant C. Since /(0) = = f(L) it follows that / attains a maximum at a point 
to G (0,L). Then f'(t ) = and f"(t ) < 0. Hence at t we have 



f" s 2 f 2 

X 1 = -L r + 2(n-l)-^>0 



and 



9 9 2 V g 2 g f 



and hence 

!£ = ^ + (2 „_3)W- (2 „-3)5!-f 
9 2 5 4 g 2 g f 

From (4.2) it follows that at t 



o" s 2 f 2 

9 V 



-2( n - 1)— = 2(n - 1)^- + C 2 / 2 > 
and consequently e > 0. 
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